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Consideration of Finite-difference Time-domain Method for Vibration of Xylophone
From Euler-Bernoulli Beam Theory to Mindlin Plate Model
( )
TSURU, Hideo (Nittobo Acoustic Engineering Co. Ltd.)
ABSTRACT: A xylophone is an elastic material whicli has a non-unifOrm cross section.
The basic plrvsical mo$(1el$ of the vibration of the xylophone is constructed $1_{)}y$ the Euler-
Bernoulli beam theorv. However, in that theorv the shear deforniation is not taken into
account. Thus, the $disl$ ) $ersion$ relation deviate,$h’$ froin the actual value when the $wa\iota^{7}eleii_{b)th}$
becomes short coinpared to the thickness of the beain. A irnprovcd dvnamical equation of
the xvlophone is consi $(lered1)\backslash$ using Tiinot henko beam theorv or $I\backslash Iin(llin$ plate theory.
Vibrational motions of the elastic bar are simulated nuinerically through a finite dift’erence
niethod. Since the ord)$r$ of the spatial $differ^{J}ntiatioii$ in the coupled partial $(1ifier\epsilon^{1}ntial$
equations is larger than that of tlie time differentiation, an implicit niethod is use$(1$ to
stabilize its numerical } $)ehaviour$ . The simulation can predict temporal behaviours of the
$vil)ration$ which are influenced bv the changes of the sbape and the position of the impact
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2 $I_{y\text{ }}I-\vee$ $J$ $y_{\wedge\text{ }}z_{s}$
$\frac{\partial}{\partial.\iota}[--4G\prime_{\iota_{q}}^{\prime.(1}+’\int^{\frac{\partial}{(Jt})(\frac{\partial e}{\partial.r}-\Phi_{y})]}+\rho.4\frac{\partial^{2_{l!}}}{c)t^{2}}+\rho.4\gamma_{\iota}\frac{()_{l^{1}}}{\partial t}-(J:\{/+\rho A_{!\cdot s}\sim\frac{(?^{2}\theta}{\partial t^{2}}=f_{y}$. (1)
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$AG \kappa_{\tau\prime}(1+\eta\frac{\dot{e}?}{\partial t})(\frac{\partial v}{\partial\tau}-(b_{y})+\frac{\partial}{\partial y}[EI_{J}(1+\uparrow 7^{\frac{\partial}{\partial t})\frac{\partial\phi_{y}}{\dot{(}?\iota/}]}=\rho I_{y}\frac{\partial^{2}\phi_{1}/}{\partial t^{2}}$ . (2)
$\frac{\partial}{\partial x}[-AG_{A}\cdot\sim 7(1+7l^{\frac{()}{\dot{(})t})(\frac{\partial w}{\partial x}-\phi_{\sim},)]}+\rho A\frac{\partial^{2}uf}{\partial t^{2}}+\rhoarrow 4_{l}^{\wedge}\prime_{\underline{9}}\frac{\partial cv}{\partial t}-q_{z}-\rho-4y_{s}\frac{\partial^{2}\theta}{\partial t^{2}}=f_{z},$ (3)
$AG \kappa_{\vee}-(1+\gamma_{\int}\frac{\partial’}{\partial t})(\frac{\partial e\iota}{\partial x}-\phi_{\approx})+\frac{\partial}{\partial x}[EI_{z}(1+\uparrow 7^{\frac{\partial}{\partial t})\frac{\partial\phi_{\overline{k}}}{\partial^{=}x}]}=/)I_{z}\frac{\partial^{=2}\phi_{\sim}}{\partial t^{2}’}.$ (4)
$\frac{\dot{(}?}{\partial\gamma:}(GJ(1+’\eta\frac{\partial}{\partial t})\frac{\partial\theta}{(?\tau})+n\iota_{t}+r|\tau_{\sigma\cdot l}-\rho I_{\hslash}\frac{\partial^{2}\theta}{\partial t^{2}}-\rho I_{s^{\wedge}(3}\frac{\partial\theta}{\partial t}-\rho Az_{h}\frac{\partial^{2_{1)}}}{\partial t^{2}}+\rho Ay_{\delta}\frac{\partial^{2}w}{\partial t^{\underline{9}}}=0$ (ro)
$\eta$ $\gamma_{*}$ $q_{y\text{ }}Cj_{\sim}$





$1\backslash I=0$ , $\ddagger^{r}$$\cdot=0$ . (6)
$v$ $\phi_{y}$
$\frac{\partial\phi_{y}}{\partial\tau}=0$ , $\frac{\partial_{t^{1}}}{\partial x}-\phi_{y}=0$ . (7)
Timoshenko Euler-Bernoulli
Timoshenko $\omega$ $\lambda$:







$A’=\frac{\prime\cdot A}{2\pi}$ . $c’=\frac{c}{\sqrt{E/\rho}}$ , $r$ 2 (10)
$L$
Timoshenko $\mu$
$\mu^{2}=A^{2}-\frac{p}{E}(1+\frac{E}{G!\backslash })_{\iota^{r}\lambda\prime}^{2}$ . (11)
$L$
$\frac{\underline{9}(\cdot,\underline{)}\prime}{A}-\frac{\underline{7}(-G_{h}\cdot k^{2}+r\omega 1\underline{)}}{k}co^{\sigma};(kL)(:()_{1}\backslash \urcorner 1_{1}(//L)$
$- \frac{l^{J^{2}(C_{7}r,\cdot/^{2}+\mu’)^{2}-k^{2}(-GA\cdot:^{2}+\gamma x_{\vee’}^{2})^{2}}\underline{)}\cdot\prime_{1}^{\wedge}}{(G’\kappa k^{\underline{y}}+\mu^{|2})_{l^{l}}A\cdot:^{2}}:^{\backslash },i_{I1}(kL)si_{11}1_{1}(l^{\ell L})=0$. (12)
$\mu$ Euler-Bernoulli
$\tan(\frac{\omega L}{2u})=\pm\tanh(\frac{\backslash \ \prime.\prime L}{2u})$ , (13)
$\omega$
(14)
Table 1 )$()()$ (kg/l]l’) $2.()\cross 10^{10}(Pa)$ Poissoil $0.2\check{o}$
$2(()_{1}nrn$ $1_{\overline{J}I}nm$
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Ta $1_{)}1e$ $1$ . Comparisoii of ( $.1_{1ari1(\uparrow eI}\cdot isti(f_{I}\cdot e$ ( $1^{11erlc\cdot i\downarrow h}()$ of $tl_{1^{1}}$ beaiii $11lt$ ) $(lels$ .
4 2
(1) $-(5)$ $L$ 1
$D$ $A$
$L(\phi_{l\prime}, l_{;}^{1}\phi_{z}. \iota 1" \theta:t)+D(\Phi\uparrow"\uparrow, \phi_{z}, w, \theta;t)=A(\phi_{l\prime}, \iota\cdot.\phi_{\sim},, \uparrow v, \theta;t)$ (15)
$L$ $t+\Delta t$
$t$ $\uparrow 7_{\ovalbox{\tt\small REJECT}}$ $t\pm\Delta t$
$r$} $\pm 1$ $L”,$ $D”$
$Irii_{I)}1icit$. $\mathfrak{a}$ (15)
$CtL^{7l+1}+(1-2c\iota)L^{7l}+(\iota L^{;\iota-1}+D^{7\mathfrak{l}}=A^{7I}$ (16)









hIindliil Fig.3 $\cross dy$
A$I_{J}.\cdot,$ $A’\lambda I_{y},$ $\wedge’ lI_{J}.y$ $Q_{x},$ $Q_{y}$
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$\alpha^{u}R_{M_{-X}}^{y}$
Fig.3 Moment force and shear force
$l$} 3 $\tau_{i.i}$
(.. )
$(\Lambda I.,., \lrcorner lI_{y}, \lrcorner l$$f_{p\cdot y})= \int_{-l_{1}’ 2}^{\prime\iota’ 2}(\tau_{J1}., \tau_{y\cdot y}, \tau_{xy})zdz$ (17)
$(Q_{x}, Q_{y})= \int_{-1_{1}\oint^{2}2}^{\prime_{l}}(\tau_{I^{-}}., \tau_{yz})d_{\text{ }}^{\sim}$ (18)
$ll$ $t^{/}|:\iota\cdot,$ $t^{l}" y$
$\psi$
$G$
$D$ $h$ $E$ $J$




$t_{:\iota}’’\cdot=\mathfrak{t}_{J}^{f}\sim\cdot’$ . $+\cdot\eta\cdot\iota_{x}^{\prime_{J}1}$ $\iota_{y}^{/1}=t_{y}^{l}\sim\cdot’+\eta\uparrow_{r^{l^{-}t}?}$,
$\frac{\rho l\iota^{3}}{12}t^{1^{l}|}x=\frac{\partial}{\partial\tau}[D\frac{\partial}{\partial\tau}t_{I}^{/}\sim|+\nu D\frac{\partial}{\partial y}\tilde{\psi}_{y}]+\frac{1-\nu}{\underline{9}}\frac{\partial}{\dot{(})\iota/}[D\frac{\partial}{\partial x}t_{y}^{:^{l}.1}\sim+D\frac{\partial}{\partial y}t^{f_{x}}\cdot]\sim$
,
$- \kappa Gh.[(\psi_{x}+\frac{\partial u)}{\partial x})+\uparrow 7(’.\}$ . $+ \frac{\partial\tau\dot{v}}{\partial\tau})]+i\backslash I_{xe}$ , (20)
$\frac{\rho h^{3}}{12}t_{y}^{f_{1}}=\frac{\partial}{\partial y}[D\frac{\partial}{\partial y}\tau_{y}^{j_{1}}\sim\cdot+\iota$ $D \frac{\partial}{\partial x}t_{x}^{1}]\sim,+\frac{1-\nu}{2}\frac{\dot{(}?}{\partial’x}[D\frac{\partial}{\partial x}t_{y}^{\prime 1}\sim\cdot+D\frac{\partial}{\partial y}l^{\wedge}\cdot’:\iota\cdot$
$- \kappa Gh[(\psi_{\iota}|, +\frac{\partial_{lL^{1}}}{\partial\prime.//})+\uparrow l(t_{y}^{/}\backslash +\frac{\partial ci}{\partial y})]+AtI_{!^{e}},$, (21)
$/)h \tau if=\frac{\partial hC_{\tau}}{\partial x}\kappa[(t_{A}’+\frac{\partial uf}{\partial x})+\uparrow l(t_{x}^{\prime\}}:+\frac{\partial\iota i\prime}{\partial x})]+\kappa Gf\}\frac{\partial}{\partial x}[(\psi_{u}$. $+ \frac{\partial_{ll^{1}}}{\partial.\iota})+\eta(\dot{\psi}_{A}|.$ . $+ \frac{\partial\dot{w}}{\partial x})]$
$+ \frac{\partial l\iota G}{\partial_{Jl}}\kappa[(t_{y}^{j_{1}}’+\frac{\partial_{lt^{1}}}{\partial_{!/}})+rl(j_{y}+\frac{\partial\dot{u}/}{\partial_{t}/})]+\kappa Gh.\frac{\partial}{\partial_{1}/}[(t)y+\frac{\partial\iota\iota}{\partial_{J}1})+7\mathfrak{j}(t_{!/}^{\dot{f}}+\frac{\partial\dot{u})}{\partial_{1}/})]-pl\iota\gamma_{\iota},\iota i,$ $+f_{\vee}-(22)$
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$h$ , $A1l_{t^{\ovalbox{\tt\small REJECT}}}.,$ $.\prime 1I_{l/}$ .
$\wedge 1\prime_{l}$
$\nu$
$h..=( \frac{0.8\overline{/}+112\nu}{1+l\text{ }})^{2}$ (23)
2
$n$
$\uparrow l_{\alpha\cdot\iota\cdot 1}^{\prime 1I.+t\iota_{y^{A}}fI,=0}A.\cdot$ $\wedge\lambda I_{ry}=0$ , $rl_{x}Q_{\Gamma}+\iota_{\prime},Q_{l/}=0$ (24)
$\uparrow t_{l}.(\frac{()_{l_{\wedge’:l}^{!1}}}{\partial’x}+\dagger$ $\frac{\partial\iota_{J}’1\{}{\dot{(})\iota/})+r\iota_{l/}(\frac{\dot{c})_{1_{y}^{l}}’}{(),\iota’/}+l$ $\frac{\zeta\prime)_{l_{fJ}^{f_{J}}}}{\dot{(})x})=0$ , $(2_{\check{J}})$















Hertz $t$ $F(t)$ $0.(t)$
$(t\cdot(t)=F(t)^{1/3}(CR)^{1’ 3}$ (28)
$d(t)$
$d(t)=F(t)^{2’ 3}( \frac{C^{2}}{R_{\text{ }}})^{13}$ (29)
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, $\gamma$ l $0^{l\prime l}1$ $\prime\prime t_{t}$ .





$g= \frac{4}{\check{\dot{\backslash }J}C}\sqrt{R}$ (31)
$1_{i}^{1}$
$\tau=\frac{4\sqrt{\pi}\Gamma(2/\cdot\check{)})}{\backslash J\ulcorner\Gamma(9’ 10)}(\frac{7lt_{J}^{\underline{y}}}{q^{\underline{y}}t^{1_{\dot{7}}}})^{1’ 5}\approx 2.94(\frac{\prime\prime l^{\frac{..)}{r}}}{q^{\underline{y}}\iota_{j}1})^{1/}\dot{\iota 7}$ (32)
6) 1/5
Fig.4 Iinpact for$(.()$ for various Young $s$ inocliiliis and initial velocities. The left figure











Vibrational velocity, Impact position $($0.1, $0.0)m$
Fig.5. Cornparison of $t$ emporal waveforins of out. $- of_{-])}1arievi\dagger$ ) $I^{\cdot}at.ioll$ . Tlte top stands for





Fig.6. Spatial distril) $ii\uparrow$ ioii of vil) $1^{\cdot}\subset\backslash \uparrow io11\backslash 1(1is)1_{\dot{\subset}})(\{’ 111(11\uparrow of the iinpacted 1)_{\dot{\zeta}}\iota r1)I^{\cdot}(\backslash (1i\cdot\backslash \})\}$
the Mindliii In $((1(11$ .
$\check{0}1IlI11$ Flg.7
Vibrational velocity, Impact position $($0.1, $0.0)m$
Fig.7. Comparison of $\uparrow(inI)oral$ waveforms of out-of-plane vibration. The evaluation point.
is laterallv shifted $|)y\overline{\backslash J}1IlI11$ from the central line.
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$\check{:J}nlm$ Fig 8
Vibrational velocity, Impact position $(0.1, 0.008)m$
Fig.8. Coniparison of $t()inporal$ waveforins of out-of-plane vibration. The evaluation point
















Vibrational velocity, Impact position $($0.1, $0.0)m$
Fig.9. $Conipal\cdot isoii$ of $(lain\iota)ing$ effect bv teinporal waveforms of out-of-plane vibration.
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Fig. $1t^{1}$ $|^{-}|_{1-}ii|\iota\iota|_{l}|_{l1}|\mathfrak{l}[l\backslash I1-]|t’||_{\iota}iiii_{1}$ $||\ell\cdot I1$
lL. $|$ ( $|!$ $\Gamma$-$\grave$ ) A $\nwarrow$ $7_{)}-$
$\ovalbox{\tt\small REJECT}$ $1||||_{|1|II|}\overline{c}^{1b_{\overline{\iota u}}}:||_{\mathfrak{l}1I1\prime 1}$ ;’ $-11)|$ iiiiiii $-$ $\mathbb{I}$ , 7111111
A $|$ ( ’ - $\dot{l}^{-}[$ - $e_{\dot{T}}$ $|’-||\{$ $|()^{-7}(\backslash h)$ $=\overline{v}()(s^{-1})$
$|||_{1I||1|}$ ) 1 $()(()_{A}\backslash v/1I1$
$P$ $(|||1||||)|r1$
$H_{f^{l}x^{||}}^{\llcorner}$ $1-||J1$ $-\cdot\overline{r_{\backslash }}^{-\}_{-}^{-}}$
Vibrational velocity





Frequency spectmm ofvibrational velocity
Fig.12. Power specrtums of out-of-plane vibration of the uniform beam (top) and tlie
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